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Posibive  Rationals

n
- A positive rokonal in  lowest-form s
an  ordered pawr  of positive | coprime vatejefs

-

. Every roatconal " has umi.clu.e, "lowest- forw

e Presemfak iov» :

M/(W\VV\)

n/(W\VV\)

whe re v (“nabla") denptes bre GCD.



Euclid's A |3oriﬂaw\

{O(M A O<n.}

X,y mon
{Invo\r;amtz 0¢x A 0¢Y A xvYy = \Mvv\}
do
1(7 — Y - \/—3(
Oy<x — X = x-Y
od
[I-'—)’:W\VV\} Terminakion, : x =Y

So, AVY = XVXL =Yvy

=x=j



Extended Eucl.'o\'s A\ﬁor&\nm

{ 0<&m A 0O<n }
x,y =M, C::[:) 7]
{Invmr;av\h (x y) = (m wn) x €
where A=[Z, -,'] and B=[.|. ?] }
do

x<y — (> y):=(ac y)x A SCi=CxA
Oy<x — (¢ y):=(2c y)x B ; cCi=Cx B
od
[x-'-y:\MVV\ A (:Ly):(m vx)xC}



Extended Eud.'o\'s A\ﬁor&\«m

On l:efm’malil.,om,, for arbil:mry m awl 7 I

(MVV\ W\VV\) = (m n) x(.

It follows that

(1 1) X C-' = (M/(Mvm) V‘/(MVV\)>
Note

o WM GV\A n um.ittue,ly o\eﬂne C

o C" VW\.;.llwel,\/ AQGV\QS o rO\v‘:LOV\OLL "W
(oJl Fwike Products DF A" M‘A B" ale dirferev\':)
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el -L

f o<m A o0cn }

x/y =M N ; D::[|D (I,J
{Invmr;amtz (3 ‘/) X D = (m V\)}

do
xcy — (> y):= (x,y)« A . = RxD

D’(JL —> (2 y):: (I,\/):(B ; D:=LxD
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{ o<m A oOcn }

X,y i=mn

E .-
{ Tnvaviout: Ex(3) = (W) ]
do )

Y
DY<1—>(:YL)::AX(;C); E.-E <R
od

[ Ex(!) = M/(»«««M) ]
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Stern- Brocot Tree
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E nuw\e,mb:nj the Hablces

e There s a bLJ‘ecHov\ between sEn‘njs of "R
ond L's and  products of Rs awd Ls

° Ff,vw\inj ‘Z\'\& “V\ext ! mal‘l‘fx f,s ezu;valent l‘a

ﬁ'nAu‘mj the next s':ﬁ‘nj wm  the Lex.‘wjrap\m‘c,

grderu‘v\j
Mext sl‘n‘vﬁ of l:\f\a Sawe lev\jl:k .
LR — el
¢ Nex‘: W\A{:ro‘x i,vx, Hne .sa.w\e, \evel, )

Txl.xﬂ:‘—-) T’(RKLJ



Compulriwg bhe ‘“next" wmatnx

(Tx L ~ R:‘) x (R'j*L'.xKij)= TxR xL:’

w\«ere,
R'J’(L"xRxLJ - (LJ+1 1>

-1 )
How  to dete maine | ?
do
xcy — (x y):i= (xy)« A ; Di=RxD
0yex — (x y):= (x,y)x B . D:zLxD
od

Thecefore, = Ln;'J



Compulriwﬁ bhe ‘“next" wmatnx

el ()
On termination of bthe algoritana -
(1 1) x D = (wm )

That s, if

)

_ [ Doo DOI)
D - (Dlo Du

thew W = Doo + Do and w= Doy + Di

Therefore

Daa "’Du"
: ne- ) _
Jd = WA J - L'DOo + Do |




Enumerating  the malrices

e D uw & Power of R exacﬂy whew the ratiowals
are Lv\l:ejers — easy to  best!

D:- T

) 0
DOO."D'O = - Dz:(DO!*’Du l)

0
« _ | Dor+Dur =1 .
DOa + D]o z 1 —_— J .—‘\DOO*DJJ ;

0

D := D «x Z__.).-I'l ')
y (2



thlmis{.v\j Colkin-WilF  Enumerakion

e The watbrix (7‘3"" ;) ts a funct?ow of (1) x D

e Next maltrix:

D =D = T.((t 1) x D)
» Next Calkin-WIE rabiowal :

(1 1) x (DxJ-((' ‘)"D»

o Matrix V\nul’c?PL.'mE:‘ovx LS assotiabive :

((l |)xD) X J'.((' ')"D)



thlmis{.v\j Colkin-WilF  Enumerakion

We 3(’} Hz\e Q“owénj Opl:lwni.fed. a@or{ﬂam:

wmw,n = |, |
do
wm=| — Mmn =2 e, m
0
m#|l — WM, = (thv‘v;\'J+1)XM—n,m
od

(Note  Huat  the test for hange  w level
al so /\ -FuncHon of )y x D )



thlmis{mg Colkin- Wil Enumerabion

¢ l:.LJ = L_V‘__ for \M..\-V\ and w £ |
w vw
. (Zx [_&vd Fl)xm-n = il whew waz=|

Hev\(,e,/ wé can el.‘miv\a{:e, Hﬂe ose avwdyjc‘SZ

wmw:= |,

/
A
wmw = (ZX L"'\MJ)XV\A-V\ ) WA

do

od

(TLJ s the G\SOP:{’\AM dcksc'ovefeot l)y
Newmawu )



Overview

e Gool: to enumerate the raliovals
e Rotionals involve GCD: Euclid's Aljonl:\nm

° Bij(’,c{:fov\, Bel:weew m{:iomls M producl:s OF
mokrices

o Ne,w Problevw: enuvneml:iv\j ml:!'Och,S

\2

enuw\emd;inj matrices

° Op‘:;misimﬂ Calkiwe - Wilf Emme(o'l:;on



Concjusdomé

o Our joal ts to iw\f:rove the effectiveness  of

aljorl thwmie Pro':lem 50[v£n3

e Maltrices n Extended Euclid's Aljwiunw combine

COVICLsfow oan d. Prea'_saow

° Our COn.S[’n»clfCoz» makes “obw:oush ‘now l:O

enumuabe l:La (AHOM'.; l:V\ S{em'@rocot or&er

o MOrQ iwporl’awl'[y: we s\now |:|~e o(uocl.\‘{'y
betweew  both  trees



&« Made Ly Bmcol:!
(13 teebh)




Historical wote on  Sterm-Brocot tree
Brocot's example :

A shoft tums owe tn 23 minutes. We want
to wake  suilable cogs, o that  awnother shaft

Comp\ekes o revol,u\:iov» W 19 w\mu':es

\ 4
o SPCEA & ':00 ! 'g'/zg "".&> mir?jtes

e There is a tecknobjncal o
l'M'l:obaw .....




Historical wote on

S‘.em,- Brocal: l:(ee

3 . 9
< 573 ¢

2
|

e 191 =9x23 + }
(? mm. ea«l.'er)

e 191 = 9x23-16
(16 win. ‘-ﬂ‘te()

Br ocot‘s meHnoJ :

8 |

+1€



